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Introduction: The Miracle Of The Light
1

Introduction

The fundamental law which describes the geometrical behaviour of light when passing from one medium to another is
defined as the refraction law, stated by Willebrord Snell (Snellius) in the year 1621.

Figure 1.1: Willebrord Snell (1580 - 1626) was a dutch scientist

At this point we will not stress the ancient geometrical optics as used by W. Snellius (1621) rather than using more
modern ways of explanation. James Clerk Maxwell (1831
- 1879) and Heinrich Hertz (1857 - 1894) discovered that
light shows the properties of electromagnetic waves and
therefore can be treated with the theory of electromagnetism, especially with the famous Maxwell equations.

Heinrich Hertz
(1857 - 1894) German

James Clerk Maxwell
(1831 - 1879) Scotsman

1.1 The miracle of the light
Light, the giver of life, has always fascinated human beings. It is therefore natural that people have been trying to
find out what light actually is, for a very long time. We can
see it, feel its warmth on our skin but we cannot touch it.
The ancient Greek philosophers thought light was an extremely fine kind of dust, originating in a source and covering the bodies it reached. They were convinced that light
was made up of particles.
As human knowledge progressed and we began to understand waves and radiation, it was proved that light did not,
in fact, consist of particles but that it is an electromagnetic
radiation with the same characteristics as radio waves.
The only difference is the wavelength.
We now know, that the various characteristics of light are
revealed to the observer depending on how he sets up his
experiment. If the experimentalist sets up a demonstration
apparatus for particles, he will be able to determine the
characteristics of light particles. If the apparatus is the one
used to show the characteristics of wavelengths, he will
see light as a wave.
Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013

The question we would like to be answered is: What is light
in actual fact? The duality of light can only be understood
using modern quantum mechanics. Heisenberg showed,
with his famous „Uncertainty relation“, that strictly speaking, it is not possible to determine the position x and the
impulse p of a particle of any given event at the same time.

1
∆x ⋅ ∆px ≥ 
2

(Eq 1.1)

If, for example, the experimentalist chooses a set up to examine particle characteristics, he will have chosen a very
small uncertainty of the impulse Δpx. The uncertainty Δx
will therefore have to be very large and no information
will be given on the location of the event.
Uncertainties are not given by the measuring apparatus,
but are of a basic nature. This means that light always has
the particular property the experimentalist wants to measure. We determine any characteristic of light as soon as we
think of it. Fortunately the results are the same, whether
we work with particles or wavelengths, thanks to Einstein
and his famous formula:

E = m ⋅ c2 = h ⋅ ν

(Eq 1.2)

This equation states that the product of the mass m of a
particle with the square of its speed c corresponds to its
energy E. It also corresponds to the product of Planck‘s
constant h and its frequency ν, in this case the frequency
of luminous radiation.

2

Optics and Maxwell’s Equations

It seems shooting with a cannon on sparrows if we now
introduce Maxwell’s equation to derive the reflection and
refraction laws. Actually we will not give the entire derivation rather than describe the way. The reason for this
is to figure out that the disciplines Optics and Electronics
have the same root namely the Maxwell’s equations. This
is especially true if we are aware that the main job has
been done by electrons but it will be done more and more
by photons.
Accordingly future telecommunication engineers or technicians will be faced with a new discipline the optoelec-
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Optics and Maxwell’s Equations: Light Passing A Barrier Layer
tronics.
We consider now the problem of reflection and other optical phenomena as interaction with light and matter. The
key to the description of optical phenomena are the set of
the four Maxwell’s equations as:





∂E
∇× H = ε ⋅ ε 0 ⋅
+ σ ⋅ E and ∇⋅ H = 0 (Eq 1.3)
∂t


 4π
∂H
and ∇⋅ E =
∇× E = −µ ⋅ µ 0 ⋅
⋅ ρ (Eq 1.4)
∂t
ε




∂E
∇× H = ε ⋅ ε 0 ⋅
and ∇⋅ H = 0
∂t



∂H
∇× E = −µ 0 ⋅
and ∇⋅ E = 0
∂t

(Eq 1.7)

(Eq 1.8)

Using the above equations the goal of the following calculations will be to get an appropriate set of equations describing the propagation of light in glass or similar matter.
After this step the boundary conditions will be introduced.
ε0
is the dielectric constant of the free space. It rep- Let‘s do the first step first and eliminate the magnetic field
resents the ratio of unit charge (As) to unit field strength strength H to get an equation which only contains the electric field strength E.
(V/m) and amounts to 8.859 1012 As/Vm.
By
forming the time derivation of (Eq 1.7) and executing
ε
represents the dielectric constant of matter. It
the
vector ∇× operation on (Eq 1.8) and using the identity
characterises the degree of extension of an electric dipole
for
the
speed of light in vacuum:
acted on by an external electric field. The dielectric con1
stant ε and the susceptibility χ are linked by the following
c=
relation:
ε0 ⋅ μ0

ε=

1
⋅ (χ + ε 0 )
ε0

we get:


 n2 ∂2 E
∆E − 2 ⋅ 2 = 0
c ∂t
 

(Eq 1.6)
ε ⋅ ε0 ⋅ E = D
 n2 ∂2H
∆H − 2 ⋅ 2 = 0
The expression (Eq 1.6) is therefore called „dielectric disc ∂t
(Eq 1.5)

placement“ or simply displacement.
σ
is the electric conductivity of matter.
The expression

 
σ⋅ E = j

represents the electric current density
μ0
is the absolute permeability of free space. It gives
the relation between the unit of an induced voltage (V) due
to the presence of a magnetic field H of units in Am/s. It
amounts to 1.256 106 Vs/Am.
μ
is like ε a constant of the matter under consideration. It describes the degree of displacement of magnetic
dipoles under the action of an external magnetic field. The
product of permeability μ and magnetic field strength H is
called magnetic induction.
ρ
is the charge density. It is the source which generates electric fields. The operation ∇ or div provides the
source strength and is a measure for the intensity of the
generated electric field. The charge carrier is the electron which has the property of a monopole. On the contrary there are no magnetic monopoles but only dipoles.

(Eq 1.9)
(Eq 1.10)

These are now the general equations to describe the interaction of light and matter in isotropic optical media as
glass or similar matter. The Δ sign stands for the Laplace
operator which only acts on spatial coordinates:

∆=

∂2
∂2
∂2
+
+
∂x 2 ∂y 2 ∂z 2

The first step of our considerations has been completed.
Both equations contain a term which describes the spatial
dependence (Laplace operator) and a term which contains
the time dependence. They seem to be very „theoretical“
but their practical value will soon become evident.

2.1 Light passing a barrier layer

Now we have to clarify how the wave equations will look
like when the light wave hits a boundary. This situation
is given whenever two media of different refractive index
are in mutual contact. After having performed this step
we will be in a position to derive all laws of optics from
Maxwell‘s equations.

Therefore ∇⋅ H = 0 is always zero.
Let‘s return to the boundary problem. This can be solved
From (Eq 1.3) we recognise what we already know, namely in different ways. We will go the simple but safe way and
that a curled magnetic field is generated by either a time request the validity of the law of energy conservation.
varying electrical field or a flux of electrons, the princi- This means that the energy which arrives per unit time at
ple of electric magnets. On the other hand we see from one side of the boundary has to leave it at the other side in
(Eq 1.4). that a curled electromagnetic field is generated the same unit of time since there can not be any loss nor
if a time varying magnetic field is present, the principle of accumulation of energy at the boundary.
electrical generator.
Till now we did not yet determine the energy of an elecWithin the frame of further considerations we will use tromagnetic field. This will be done next for an arbitrary
glass and air as matter in which the light propagates. Glass medium. For this we have to modify Maxwell’s equations
has no electric conductivity (e.g. σ =0), no free charge car- (Eq 1.3) and (Eq 1.4) a little bit. The equations can be preriers (∇Ε=0) and no magnetic dipoles (μ = 1). Therefore sented in two ways. They describe the state of the vacuum
the Maxwell equations adapted to our problem are as fol- by introducing the electric field strength E and the maglows:
netic field strength H. This description surely gives a sense
Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013
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whenever the light beam propagates within free space. The
situation will be different when the light beam propagates
in matter. In this case the properties of matter have to be
respected. Contrary to vacuum, matter can have electric
and magnetic properties. These are the current density j,
the displacement D and the magnetic induction B.


 ∂D 
∇× H =
+j
∂t


∂B
∇× E = −
∂t





∇× E = N × ( E2 − E1 ) = 0
and

(Eq 1.13)


∇× H = 0


N is the unit vector and is oriented vertical to the bound-

ary surface. By substituting (Eq 1.13) into (Eq 1.11) or (Eq


1.12) it can be shown that the components of B = µµ 0 ⋅ H


and D = εε 0 ⋅ E in the direction of the normal are con

(Eq 1.12)
tinuous, but E and H are discontinuous in the direction
The entire energy of an electromagnetic field can of course of the normal. Let‘s summarise the results regarding the
be converted into thermal energy δW which has an equiva- behaviour of an electromagnetic field at a boundary:
(1)
( 2)
Etg(1) = Etg( 2 )
Dnorm
= Dnorm
lent amount of electrical energy:
(Eq 1.11)

 
δW = j ⋅ E

From (Eq 1.11) and (Eq 1.12) we want now to extract an
expression for this equation. To do so we are using the
vector identity:

 




∇ ⋅ (E × H ) = H ⋅ (∇× E) − E ⋅ (∇× H )

and obtaining with (Eq 1.11) and (Eq 1.12) the result:

 
ε ⋅ ε0  2
∂ µµ 
δW = −∇ ⋅ (E × H ) − ( 0 ⋅ H 2 +
⋅E )
∂t 2
2

The content of the bracket of the second term we identify
as electromagnetically energy Wm



1
1
Wem = µµ 0 ⋅ H 2 + εε 0 ⋅ E 2
2
2

H tg(1) = H tg( 2 )

(1)
( 2)
Bnorm
= Bnorm

By means of the equations (Eq 1.11), (Eq 1.12) and the
above continuity conditions we are now in a position to
describe any situation at a boundary. We will carry it out
for the simple case of one infinitely spread boundary. This
does not mean that we have to take an huge piece of glass,
rather it is meant that the dimensions of the boundary area
should be very large compared to the wavelength of the
light. We are choosing for convenience the coordinates in
such a way that the incident light wave (1) is lying within
the zx plane Figure 1.2.
(2)

(1)

z

and the content of the bracket of the first term

  
S = E×H

is known as Poynting vector and describes the energy flux
of a propagating wave and is suited to establish the boundary condition because it is required that the energy flux in
medium 1 flowing to the boundary is equal to the energy
flux in medium 2 flowing away from the boundary. Let‘s
choose as normal of incidence of the boundary the direction of the z-axis of the coordinate system. Than the following must be true:



S(z1) = S(z2 )




(E (1) × H (1) )z = (E ( 2 ) × H ( 2 ) )z

By evaluation of the vector products we get:

E (x1) ⋅ H (y1) − H (x1) ⋅ E (y1) = E (x2 ) ⋅ H (y2 ) − H (x2 ) ⋅ E (y2 )
Since the continuity of the energy flux must be assured
for any type of electromagnetic field we have additionally:

Ex(1) = Ex( 2 )

H x(1) = H x( 2 )

E y(1) = E y( 2 )

H y(1) = H y( 2 )

or :
Etg(1) = Etg( 2 )

H tg(1) = H tg( 2 )

(The index tg stands for “tangential”)
This set of vector components can also be expressed in a
more general way:

Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013

y
αυ
φ

β

x

(3)

Figure 1.2: Explanation of beam propagation
From our practical experience we know that two additional beams will be present. One reflected (2) and one refracted beam (3). At this point we only define the direction of
beam (1) and choosing arbitrary variables for the remaining two. We are using our knowledge to write the common
equation for a travelling waves as:

  − i ( ω ⋅t + k ⋅r )
E1 = A1 ⋅ e 1 1 1
 


E 2 = A2 ⋅ e − i ( ω 2 ⋅t + k 2 ⋅r + δ 2 )
 


E 2 = A3 ⋅ e − i ( ω3 ⋅t + k 3 ⋅r + δ3 )

(Eq 1.14)

We recall that A stands for the amplitude, ω for the circular frequency and k represents the wave vector which
points into the travelling direction of the wave. It may
happen that due to the interaction with the boundary a
phase shift δ with respect to the incoming wave may occur.
Furthermore we will make use of the relation:
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 2⋅ π ⋅ n 
n 
⋅u = ω ⋅ ⋅u
k=
λ
c

α

whereby n is the index of refraction, c the speed of light
in vacuum, l the wavelength, u is the unit vector pointing
into the travelling direction of the wave and r is the position vector. Since we already used an angle to define the
incident beam we should stay to use polar coordinates. The
wave vectors for the three beams will look like:


ω
k 1 = n1 1 (sin α , 0, cos α )
c

ω
k 2 = n1 2 (sin υ × cos j2 ,sin υ × sin j2 , - cos υ )
c

ω
k 3 = n2 3 (sin β × cos j3 ,sin β × sin j3 , cos β)
c

Rewriting (Eq 1.14) with the above values for the wave
vectors results in:


 −iω1t + nc1 ⋅( x⋅sin α + z⋅cos α )
E1 = A1 ⋅ e

 −iω2 t + nc1 ⋅( x⋅sin υ⋅cos φ2 + y⋅sin υ⋅sin φ2 −z⋅cos υ)+iδ2
E 2 = A2 ⋅ e

 −iω3 t + nc2 ⋅( x⋅sin β⋅cos φ3 + y⋅sin β⋅sin φ3 −z⋅cos β)+iδ3
E 2 = A3 ⋅ e
2.1.1 The results

E1x + E2x = E3x
x
1

x
2

H +H =H

E1y + E2y = E3y

and

x
3

y
1

and

y
2

H +H =H

y
3

This is only possible if the all exponents of the set of equations (15) be equal delivering the relation:

ω1 = ω 2 = ω 3

Although it seems to be trivial, but the frequency of the
light will not be changed by this process. A next result says
that the phase shift δ must be zero or π. Furthermore it is
required that:

φ 2 = φ3 = 0

and means that the reflected as well as the refracted beam
are propagating in the same plane as the incident beam. A
further result is that:

sin α = sin υ (law of Reflection)
and finally:

n1 ⋅ sin α = n2 sin β

or

sin α n2
=
sin β n1

the well known law of refraction. We could obtain these
results even without actually solving the entire wave equation but rather applying the boundary condition.

Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013

reflected beam

n1

refracting surface

β

n2
refracted beam

normal of refracting surface

Figure 1.3: Reflection and refraction of a light beam
Concededly it was a long way to obtain these simple results. But on the other hand we are now able to solve optical problems much more easier. This is especially true
when we want to know the intensity of the reflected beam.
For this case the traditional geometrical consideration will
fail and one has to make use of the Maxwell’s equations.
The main phenomena exploited for the Abbe refractometer
is the total reflection at a surface. Without celebrating the
entire derivation by solving the wave equation we simply
interpret the law of refraction. When we are in a situation
where n1 > n2 it may happen that sin(β) is required to be
>1. Since this violates mathematical rules it has been presumed that such a situation will not exist and instead of
refraction the total reflection will take place.
β

β

Now it is time to fulfil the continuity condition requiring
that the x and y components of the electrical field E as well
as of the magnetic field H are be equal at the boundary
plane at z=0 and for each moment.

α

n1
n2

αc

α
A

α
B

β
C

Figure 1.4: From refraction to total reflection
The Figure 1.4 above shows three different cases for the
propagation of a light beam from a medium with index of
refraction n2 neighboured to a material with n1 whereby
n2>n1. The case A shows the regular behaviour whereas
in case B the incident angle reached the critical value of:

sin β =

n2
⋅ sin α c = 1
n1

(Eq 1.15)

The example has been drawn assuming a transition between vacuum (or air) with n1=1 and BK7 glass with
n2=1.52 (590 nm) yielding the critical value for αc=41.1°.
Case C shows the situation of total reflection when the value of α > αc and as we know from the law of reflection α=β.
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2.2 Wave property of light

Wave Property Of Light

which we will elaborate and explain further.
Z

In our further observations of the fundamentals of the
light, we will use the wave representation and describe
light as electromagnetic radiation. All types of this radiation, whether in the form of radio waves, X-ray waves or
light waves consist of a combination of an electrical field

E
Y



E and a magnetic field H . Both fields are bound together

and are indivisible. Maxwell formulated this observation
in one of his four equations, which describe electromagnetic fields


 ∂E
∇×H ≈
∂t

According to this equation, every temporal change in an
electrical field is connected to a magnetic field (Figure 2.1).

X

Figure 2.2: In this experiment we need only observe
the electrical field strength E

Z

E
Z

Y

E

X

Eo

H

Figure 2.1: Light as electromagnetic radiation
Due to the symmetry of this equation, a physical condition can be sufficiently described using either the electrical or the magnetic field. A description using the electrical
field is preferred since the corresponding magnetic field
can then be obtained by temporal derivation. In the experiments (as presented here) where light is used as electromagnetic radiation, it is advantageous to calculate only the
electrical fields since the light intensity is:

I=

Y

c⋅ε  2
⋅E
4π
.

This is also the measurable size as perceived by the eye
or by a detector. In this case, the speed of light is c in the
respective medium and ε is the corresponding dielectric
constant. Since we are comparing intensities in the same
medium, it is sufficient to use

X

l

Figure 2.3: Amplitude and wavelength
In the above figure the light wave no longer oscillates in
the Z-direction as in Figure 2.2 but at a certain angle to the
Z- or Y-axis. The X-axis has been chosen as the direction
of propagation of the wave. We still require information
on the direction in which the electrical field strength Ex
oscillates to complete the description of the wave. Strictly
speaking, the field Ex oscillates vertically to the direction
of propagation X. However, we have to give information
regarding the Z- and Y-axis.
Z

 2⋅ π 
E X = E 0 ⋅ sin 
⋅ x
 λ

Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013

EZ

α

The experimental findings agree with the theory of electromagnetic radiation if a harmonic periodic function becomes temporally dependent on the field strength of light.
In its simplest form this is a sine or cosine function. An
amplitude Eo and a wavelength λ should be used in the
definition of this kind of function. Let us begin with the
equation:

E0

2
I= E

EY

Y

(1.1.1)
,

Figure 2.4: Definition of the polarisation vector
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Wave Property Of Light

This leads to the term ‘Polarisation’ and Direction of rection will thus be
Polarisation. In Figs. 1 and 2 we used linearly polarised
 2π 
Eˆ X Y, Z = Pˆ ⋅ E 0 ⋅ sin  ⋅ x 
light with a polarisation direction in Z and in Figure 2.3
 λ 
we used a different direction. We will now introduce the
, or
polarisation vector P, which is defined in the Figure 2.4.
Ê X Y, Z = E Y, E Z ⋅ sin k ⋅ x
(Eq 2.16)
We have to look into the light wave in the direction of the
.
X-axis for this purpose.
We have introduced the wave number k in the above equaWe can observe a wave expanding in the X-direction and tion
oscillating at the electrical field amplitude Eo below an an2π
gle a to the Y-axis. The amplitude Eo is separated into its
k=
λ .
components, which oscillate in the Z- or Y-direction. We

The wave number k has the length dimension-1 and was
E
now write 0 instead of Eo to indicate that the amplitude originally introduced by spectroscopists because it was a
Eo is now made up of individual components.
size that could be measured immediately with their equip2
2
2
ment. We are using this size because it simplifies the writEˆ 02 = E 0Y + E 0Z = E 0Y ⋅ eˆ Y + E 0Z ⋅ eˆ Z
ten work.
Till now we have only described the wave as a function of
ˆ Z = 0,1 , eˆ Y = 1, 0
e
In this case
is the unit vector in the location. This would be sufficient in order to underthe Z- or Y-direction on the ZY-plane. Characteristically stand the classical Michelson interferometer, but not for
ê = 1
technical interferometers. We carry out the following hythe unit vectors yield Z
and the scalar product
pothetical experiment to introduce the “time coordinate”:
eˆ Z ⋅ eˆ Y = 0
. The equation (1.1.1) can now be generalised
t0
to:

(

(

( ) ( ) (
( )

)

)

(

)

(

)

)

( )

 2π 
E X ( Y, Z) = E 0Y ⋅ eˆ Y + E 0Z ⋅ eˆ Z ⋅ sin  ⋅ x 
 λ 

(

)

At this point we come across a fundamental principle in
classic wave theory, i.e. the principle of superimposition.
A big word for the simple statement:
Every wave can be represented as the sum of individual
waves.
In our example we had separated the wave as shown in
Fig.4 into two individual waves, i.e. one that oscillates in
the Z-direction and another in the Y-direction. We could
just as well say that our wave was formed by the superimposition of these two individual waves. The word interference can also be used to mean superimposition. In
this context our wave was formed by the interference of
two individual waves. This is the basis for the functioning
of the Michelson interferometer. An introduction to this
interferometer now follows. For the time being, let us return to the polarisation vector.
The polarisation vector P is also a unit vector, which always points in the direction of the oscillation of the electrical field Ex

t1

X0

Location x

Figure 2.5: Hypothetical experiment for the introduction of dependency on time

The talented physicist Walter S. * (*Names have been
changed) is working on new experiments with electromagnetic waves in his laboratory. His colleague Gerd N. who
is jealous of his rival’s success sees that the door to Walter
S.’ laboratory has been left open a crack and uses the opportunity to find out what his colleague is working on. In
spite of his nervousness, Gerd N. forces himself to make
painstakingly accurate notes of his observations. He measures the time with his Swiss stop watch, a present from his
Ê
EY
EZ
Pˆ = 0 = 0 ⋅ eˆ Y + 0 ⋅ eˆ Z
father, who was also a physicist and notes the respective
E0
E0
Eˆ 0
intensities of what he sees through the crack in the door.
,
He rushes into his modest study, red in the face, and writes
or as is written for vectors
his observations into his laboratory records. Here we find
 E 0Y E 0Z 
the following entries:
P̂ = 
, 
“..........I
stood at location X and looked through the crack in
E
E
 0
0
.
the door. I observed periodic oscillations in field strength,
The polarisation vector for a polarisation in the Z-direction which fluctuated between a maximum and a minimum. I
(0°) would then be, for example:
began measuring at the time t=0, when the field strength
was at its minimum. At the time t1 I calculated the maxiP̂ = (0,1)
mum field strength. The differences in time between the
for a polarisation direction of 45° it would be:
extreme values stayed constant.” A graph of his measure1
ment values follows:
P̂ =
1,1

2

( )

.
The equation of the wave with any given polarisation diDr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013
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Superimposition And Phase D
ν=

c
λ.

If we write the relation with ω=2πν as a rotary frequency
we get:

ω=

2π
⋅c = k⋅c
λ
.

Let us now return to the generalised formula for the temporal and spatial course of the field strength of a light wave.
Since the sine is a periodic function we can include the
temporal and spatial dependency into the argument. We
would then get

(

)

(

Ê X ( Y, Z) = E Y, E Z ⋅ sin k ⋅ ( x − x 0 ) + ω ⋅ ( t − t 0 )

Figure 2.6: Gerd N’s measurement curve

)

If we now make the constants kx0 and ωt0 into one conGerd N. further states that:”....... the time that passed be- stant δ we obtain the general formula
tween two maxima as the duration period t. I have observed n of such maxima within one second. Obviously Ê Y, Z = E E ⋅ sin k ⋅ x + ω ⋅ t + δ
(1.1.3)
X
Y, Z

(

)

(

)

(

)

n
ν=
τ and follows 2.3 Superimposition and Phase d
the field strength has a frequency of
E = E 0 ⋅ sin ( 2π ⋅ ν⋅ t )
d is also described as a phase. Since this term is often in-

a periodic function
although this
function begins with positive values. The measured values
only correspond to the observations if a constant is added
to the argument of the sine

(

E = E 0 ⋅ sin 2π ⋅ ν⋅ ( t − t 0 )

).

convenient we would like to examine it more closely. If we
put x=0 and t=0 into (1.1.3) the field strength will have a
value of

(

)

Ê X ( Y, Z) = E Y, E Z ⋅ sin ( δ )

Some weeks later both colleagues meet at a specialists’ and thus defines an initial value for the amplitude. This
conference. As is often the case, the evening session of value is or will be determined according to the physical
the conference took place in a suitable atmosphere, where situation.
the participants committed themselves to the team spirit
δ
over a glass of wine and agreed on all other things as well.
Walter S. spoke openly about how he had managed to formulate the position of the course of a wave and wrote his
wave 2
formula on the beer mat, commonly used in this area

 2π

E = E 0 ⋅ sin  ⋅ ( x − x 0 )
 λ


.
How the evening finally ended is left to your own imagination. What is important is that both experimentalists measured the same field strength, one with a stopwatch in his
hand, the other with a scale. Therefore

E
 2π

= sin 2π ⋅ ν⋅ ( t − t 0 ) = sin  ⋅ ( x − x 0 )
 λ

E0
.

(

)

This is the same as

wave 1
Figure 2.7: Definition of phase δ

Obviously phase δ contains information about the relationship between two or more waves. Let us presume that the
waves originate in a light source and phase δ contains information on how the wave was formed. Light waves are
or
formed by emission processes. There is an emission prox − x0
cedure for every photon or light wave. Such processes are
ν⋅ λ =
=c
always taking place when the light source is continuously
t − t0
.
illuminated. The emission procedures are distributed statistically according to the type of light source. Thus, phase
This hypothetical experiment has shown us that we can δ is also distributed statistically. If the emission procedescribe the wave by its temporal course on the one hand, dures are coupled to each other, as is the case with lasers,
and by the position of the course of a wave on the other. and all photons or waves have the same frequency or waveWe have also found out the importance of the relationship length (they are monochromatic) the light is then described
of the speed c of a wave to its frequency and wavelength
as coherent (holding itself together). If, however, phase δ
is randomly distributed, then this light is incoherent. This

1
ν⋅ ( t − t 0 ) = ⋅ ( x − x 0 )
λ

(
(
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)
)
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Two beam interference: Superimposition And Phase D
is the case with thermal light sources, e.g. light bulbs. To
judge the coherence of a light source, the characteristics of
the emitted waves and/or photons would have to be classified. The waves (photons) are first sorted out according
to their frequencies (wavelengths) and then according to
their phases. If we form small “containers” in our minds
with the labels:

M1

2π
= numerical value and
λ
δ = numerical value

and if we now sort out the photons in these containers and
then count the photons per container, we could obtain a
statement on the coherence. This kind of container is also
called a phase cell. If all photons were in one container or
phase cell, the light would be completely coherent.
In the example according to Figure 2.7 the wave 2 has a
phase of δ as opposed to the wave 1, in other words, the
waves have a phase difference of δ, presuming that we
have produced two such waves (this is exactly what the
Michelson interferometer does). We expect a third wave
through the principle of superimposition, which is formed
by the superimposition or interference of the two basic
waves. We will find out how this wave looks like by simply
adding both basic waves:

(
( Y, Z) = ( E

)
E ) ⋅ sin ( k ⋅ x + ω ⋅ t )

Wave 1

Ê1 ( Y, Z) = E Y, E Z ⋅ sin ( k ⋅ x + ω ⋅ t + δ )

Wave 2

Ê 2

Y,

L1

k=

1, the other in the direction of exit 2 in the process. Exit 2
of the Michelson interferometer points in the direction of
the light source, so this exit is practically of no use to us to
set up photodetectors or imaging screens.

M2
Entrance

L2
Exit 2

Exit 1

Figure 2.8: Michelson interferometer.
This is why only exit 1 will be mentioned. However, exit
2 must also be taken into consideration for the energy balance. Whatever technical model of an interferometer is
chosen, it can be represented easily in an optically circuit
diagram.

Z

ˆ ( Y, Z) = Eˆ ( Y, Z) + Eˆ ( Y, Z)
Wave 3 E
3
1
2
It is now easy to imagine that a large number of waves
with different frequencies ω or wavelengths λ and phases
δ result in such a mixture and that it makes little sense
to carry out superimposition or interference experiments
with this light. Therefore light sources which emit light
within a narrow emission spectrum with a phase as constant as possible are selected. Lasers are an example of
such light sources. But when Michelson carried out his
experiments around 1870 he could not use lasers. He used
the red emission line of a cadmium lamp whose emission
bandwidth showed a coherence length of only 20 cm. This
means that when, for example, waves at the position x=0
were superimposed with those at the position x=20, there
was no readable interference any more. We will come back
to the important term “coherence length” later on and discuss it in more detail.

S

ve 1
wa

L1

Exi t 1

entrance

wa

ve 2

L2

Exi t 2

Figure 2.9: ”Optical circuit diagram” of an interferometer

The light, which is put into the entrance of the interferometer, is split into two bundles. How this happens technically is not important for the time being. This kind of element can generally be called a directional coupler. Bundle
1, or, in the simplest case the wave 1 runs through the
path L1 and the other wave 2 runs through the path L2.
Both waves are brought together in a mixer. This mixer
has two exits. In the Michelson interferometer directional
couplers and mixers are one and the same element. We
are only interested in exit 1 for the time being. As we will
3 Two beam interference
see later on, exit 2 is symmetrical to exit 1. We now just
An apparatus that produces this physical condition is have to calculate wave 3 at exit 1 which is formed out of
shown in the sketch of Figure 2.8.
the superimposition of wave 1 with wave 2 which have
We guide light into the entrance of the interferometer from travelled along a path from L1 or L2. Without jeopardizing
some light source. The light is split into two bundles on the general validity of the solution, we can assume that
a beam-splitting plate S. One bundle hits the mirror M1 the electric field strength only oscillates in the Y-direction.
and the other the mirror M2. The bundles will reflect back As already defined in the beginning the waves propagate
in themselves at these mirrors and reunite at the beam- in the X-direction. Although the direction of the bundle
splitting plate S. The respective bundles are split into two of rays can point in other directions after separation, they
further bundles due to the characteristics of the beam- should have the same direction of propagation, at least in
splitting plate and one bundle is led in the direction of exit the mixer, if they are to interfere at all.
Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013
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Two beam interference: Superimposition And Phase D
Wave 1

E1 = E 01 ⋅ sin ( k ⋅ L1 + ω ⋅ t )

Wave 2

E 2 = E 02 ⋅ sin ( k ⋅ L 2 + ω ⋅ t )

Wave 3

E 3 = E1 + E 2

eyes can only perceive average values. The sin 2 terms oscillate between 0 and 1; its temporal average value is therefore 1/2. The cosine term oscillates between -1 and +1, the
average value is zero. The intensity I would therefore be:

I=

1 2 1 2
E 01 + E 02 + E 01E 02 cos ( k ⋅ ∆L )
2
2
∆L = L1 − L 2 .

Since both waves E1 and E2 are formed when the entering
wave E0 is split and the splitter should separate them sym- Obviously I is maximum if the cosine is one. This is almetrically, both partial waves do not have any phase shift ways the case when its argument is zero or an integral
δ with regard to each other.
multiple of 2π. I is minimum just at the moment when the
E = E ⋅ sin k ⋅ L + ω ⋅ t + E ⋅ sin k ⋅ L + ω ⋅ t cosine is –1
3

01

(

)

1

02

(

2

)

I = ( E 01 ⋅ sin ( k ⋅ L1 + ω ⋅ t ) + E 02 ⋅ sin ( k ⋅ L 2 + ω ⋅ t ))

2

2
I = E 01
⋅ sin 2 ( kL1 + ωt )

+2E 01E 02 sin ( kL1 + ωt ) sin ( kL 2 + ωt )

2
+ E 02
⋅ sin 2 ( kL 2 + ωt )

To simplify the mixed term we use the relation:

2 ⋅ sin α ⋅ sin β = cos ( α − β ) + cos ( α + β )
and obtain:

2
I = E 01
⋅ sin 2 ( kL1 + ωt )

+ E 01E 02 cos ( k ( L1 − L 2 ))

+ E 01E 02 cos ( k ( L1 + L 2 ) + 2ωt )
2
+ E 02
⋅ sin 2 ( kL 2 + ωt )

The expression for light intensity, which is perceived either
by a detector or by our own eyes, consists of four terms.
Only the second term is not dependent on the time t. All
other terms oscillate with the frequency w. We use

ω = 2πν = 2π

c
λ

to determine this ω. The frequency of light is ν and has a
wavelength λ and a speed c. In the later experiments we
will select the light emitted by a Helium-Neon laser. The
wavelength of this light is 633 nm. Using this value and the
speed of light c = 3×108 m/s the frequency ν is calculated
as:

ν=

8

3 ⋅10
= 4, 7 ⋅1014 Hz
633 ⋅10 −9
.

I min

Let us remind ourselves that

k=

2π
λ

and that it is constant at a stable wavelength. The light intensity at exit 1 is therefore obviously only dependent on
the path difference L1-L2. If both paths having the same
length, both partial waves interfere constructively and the
light intensity observed is maximum. If the path difference is just λ /2 then:

k ⋅ ∆L =

2π λ
⋅ =π
λ 2
.

The cosine is then -1 and the light intensity I at the exit
becomes minimum. Let us divide the initial intensity into
two partial ones of equal size, i.e. E01 and E02. In this case
even the light intensity is zero. Here, both partial waves
interfere destructively. Keeping in mind that the wavelength for our experiment is 633 nm and that it leads to
a shift from one wave to another by only λ/2=316.5 nm =
0.000000316 mm (!) from a light to a dark transition at exit
1, this type of interferometer is a highly precise apparatus
for measuring length.

1.0

Light intensity (rel. units)

I=E

2

1 2 1 2
1
2
E 01 + E 02 + E 01E 02 = ( E 01 + E 02 )
2
2
2
1 2 1 2
1
2
= E 01
+ E 02 − E 01E 02 = ( E 01 − E 02 )
2
2
2

I max =

A screen or photodetector is installed at exit 1. The human
eye and the photodetector are not in a position to register
electric field intensities, but can only register the light intensity I which is connected to the field strength:

0.8

0.6

0.4

0.2

The sine of the first and last term oscillates at this frequen0.0
cy and the third even oscillates at double this frequency.
0.0
0.5
1.0
1.5
Neither the eye nor any photodetector is capable of folPath difference in units of wavelength
lowing this extremely high frequency. The fastest photodetectors nowadays can follow frequencies of up to approx.
Figure 2.10: Interferogram, light intensity versus
2×109 Hz. This is why a detector, and even more so, our
path difference
Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013
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Two beam interference: Light Sources And Coherence
3.1 Real interferometer

3.1.1

Contrast or visibility

Michelson defined as a scale for the measurement of contrast:

V=

I max − I min
I max + I min .

Historically, the word visibility or clarity was also chosen
for contrast.
1.0

1.0

Intensity at exit 1

In the preceding chapter, we assumed that we had ideal
light sources and optical components at our disposal.
Practical interferometry is, in fact, characterised by these
components. Michelson (1871) did not construct his interferometer to examine the interference of light, but to prove
the ‘world ether’ theory. It was therefore an optical instrument that underwent constant development. Since the interference fringes had to be judged with the naked eye, it
was the aim of this further development to maximise the
contrast in light and dark shades.

0.5

Imax
0.0

Imin
0.0

1.0

2.0

4.0

3.0

Phase shift in units of π

Figure 2.12: Interference signal at exit 1 at I 01= 0.2
I0 and I02 = 0.4 I0, caused by maladjustment and a
beam splitter which is not ideal.

3.2 Light sources and coherence

Intensity at exit 1

Till now we have tacitly assumed that the light source only
has a sharp frequency ω. This is never the case in practice. We would therefore like to examine the influence of
the spectral emission of the light source on interference
formation. Radiation that gets its energy from the warmth
0.5
of a radiating body is known as thermal radiation and is
sent out by glowing solids (metal, coal etc.) or gases at
Imax
high pressures. But radiation can also be produced without extracting energy from the warmth of a medium, e.g.
by introducing electrical energy (discharge in gas). In this
type of radiation production, the temperature of the raImin
0.0
diator (except in loss mechanisms) does not change. The
light produced in this way is known as “cold light” or also
4.0
0.0
1.0
2.0
3.0
luminous radiation. The type of emission depends on the
Phase shift in units of π
excited electronic or vibronic states of the atoms and molFigure 2.11: Signal at exit 1 at I01= 0.2 Io and I02=0.8
ecules concerned. Light sources that emit light based on
Io
these mechanisms are an important component of modern
light
technology. Whereas light bulbs are thermal radiaIf, for example, the splitting relationship of the beam splittors,
fluorescent
lamps, gas discharge lamps, monitors as
ter is not exactly 1 then the interferogram will change as
well
as
lasers
are
sources of cold light.
shown in Fig.11.
Using

I max =

1
1
I01 + I02 + I01 ⋅ I02
2
2

I min =

1
1
I01 + I02 − I01 ⋅ I02
2
2

and

we obtain

V=

2 ⋅ I01 ⋅ I02 2 ⋅ I01 ⋅ I02
=
I01 + I02
I0

for the contrast. According to Fig.10 the contrast is V=1
and in Fig.11 V=0.8. A contrast reduction also occurs if,
for example the adjustment is not optimal, i.e. the overlap
of both the interfering rays is not 100 %. In this case

I01 + I02 < I0

Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013
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Two beam interference: Cold Light
3.3 Thermal light

3.2.1 Coherence

∆δ

rel. Energy

Phase

In classic optics, light was described as coherent if it could We know from our daily observations that a hot body
produce interferences. The term coherence was elaborat- transmits light radiation. The higher the temperature of
ed by the photon statistics introduced by quantum optics. the body, the whiter the light seems.
It says, that light is coherent when photons originate in
the same phase cell, that is; they have the same frequency and phase within Heisenberg’s uncertainty principle.
Monochromatic light is only coherent if the partial waves
also have the same phases.
T=6000 K

δ0

T=4000 K
T=3000 K
0

500

1000

1500

2000

Wavelength in nm

ω0
∆ω

Frequency

Figure 2.13: Light, whose photons originate from the
smallest possible phase cell according to Heisenberg’s
uncertainty principle, is coherent.
Classic optics states that light is coherent when it shows
signs of interference. The narrower the emission line
width Δω is the higher will be the contrast observed in
this process. There is obviously a connection between the
contrast or visibility V of the interferogram and the line
width of the light source used.
1.0

Figure 2.15: The spectral distribution of a black body
radiator (thermal radiator, Planck’s radiation law) for
various temperatures
It can thus be concluded that this kind of radiator has a
very large emission bandwidth Δω. Therefore thermal
light sources are not suitable for interferometry.

3.4 Cold light

Another type of light production is the light emission of atoms and molecules, which show a clear spectral structure
characteristic of certain atoms, and molecules, contrary
to the continuous radiation of the temperature radiators.
Apart from their characteristics as a light source, the main
interest in spectra was to use them to find out more about
the structure of atoms and molecules.
E1

Intensity

Nucleus

E2

∆ω

0.5

0.0

ω0

Frequency

Figure 2.14: Light with a narrow band emission with
emission bandwidth Δω.
If we follow the views of classic optics in the next chapters,
this is because we will not touch the limits of Heisenberg’s
uncertainty principle by far, in spite of using a laser as
the light source for the interferometer. The emission bandwidth and the emitted line width of the technical HeNe
laser used is very big compared to the theoretical natural
bandwidth of a line.
Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013

Electron orbits

Figure 2.16: Bohr’s idea of the atom
Einstein elaborated Bohr’s’ theories on the atom model to
the extent that light emitted or absorbed from the atoms
can only have energies of E2-E1=hν (Figure 2.16). His work
and measurements proved that both in a resonant cavity
and in the case of atomic emission discrete energies must
be assumed. Einstein started off by trying to find one sin-
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Two beam interference: Cold Light
gle description for these two types of light sources. He tween the terms state and line. Atomic states always exist,
found the solution to this problem in 1917 when he derived so no statement will be made on whether the state is ocPlanck’s hypothesis once more in his own way. Photons or cupied or empty. A line can only be formed if, for example,
a radiation field are produced through the transition from an emission occurs by the transition from the state from
2 → 1. With regard to what we have already considered, to 2→1. The line is a word used by spectroscopists. They
the frequency of the radiation produced in this way should may produce, for example, photographic plates using their
actually be determined by E2-E1 = h ν0. However, keeping spectral apparatus, on which fluorescent light is shown divided up into its wavelengths. They use slits in the optical
in tune with Heisenberg’s uncertainty principle
radiation path for an easy evaluation of the spectra. Fig 18
1
1
∆x ⋅ ∆p x ≥  ∆E ⋅ ∆t ≥ 
shows this kind of line spectrum.
2 or
2 ,
which states that every emission process is affected by an
uncertainty and the emission line therefore always has a
certain width Δω.

rel. intensity ρ(ω)

Figure 2.18: Photograph of the emission of a light
source with the corresponding energy level showing a
so-called line spectrum.

δω

FWHM

ω0

Frequency

The spectrum according to Figure 2.18 can be seen from
the line widths as well as from the emission wavelengths.
Please note, however, that the measurement apparatus
makes the line widths appear larger than they actually are.
If the spectral distribution of a line radiator were carried
into that of the thermal radiator, the result would be a narrower line than the one in Figure 2.15.
Let us return to the influence of the spectral bandwidth Δω
on the contrast of our interferometer. To make it easier we
have selected the intensities as

I01 = I02 =

Figure 2.17: Natural line width

ρ (ω ) =

1

(ω − ω 0 ) + (1/ 2 ⋅ τs )
2

1
⋅ I0
2

and obtain for the intensity of the interfering waves:

I = I0 {1 + cos ( k ⋅ ∆L )}

2

This type of curve represents a Lorentz curve. Here, ω0 is
the resonant frequency and

1
τs =
A 21

.
However, now the intensity I0 is a function of ω:

I0 → ˆI ( ω ) = ˆI ⋅ρ ( ω ) ⋅ ∂ω

So, we must integrate over all ω:
+∞

∫{ ( )

( )

ˆI ⋅ρ ω + ˆI ⋅ρ ω ⋅ cos
I=
is the average life of state 2. The half-width value δω (or
also FWHM, Full Width at Half Maximum) of the curve
−∞
according to Figure 2.17 is calculated by inserting the val- and obtain for the interferogram
ue for ρ(ω) = 1/2. We find that
+∞
δ ( ω )nat = A 21

(1.7.1)

is the natural line width of a transition, defined by the
Einstein coefficient A21, which has a particular value for
every transition. The results gained can also be interpreted
to mean that state 2 does not have any sharply defined energy but an expansion with a half-width value of ΔE= 2 π h
A21. There would therefore be some uncertainty in this state.
Quantum mechanics has shown that this effect is of fundamental importance. It has been called the Heisenberg’s
uncertainty relation after its inventor. In normal optical
transitions, the value of τs is between 10 -8 and 10 -9 sec. This
lifetime, determined by the spontaneous transitions alone
is a decisive factor for the so-called natural half-width
value of a spectral line. Regarding descriptions, it must be
stressed at this point that we must differentiate between
the width of a state and the width of a line as well as beDr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013

I = I0 +

(ω / c ⋅ ∆L)} ⋅ ∂ω

∫ ˆI ⋅ρ (ω ) ⋅ cos (ω / c ⋅ ∆L) ⋅ ∂ω

(Eq 2.17)

−∞

We can obtain the contrast or the visibility of the interference from the extreme values of (Eq 2.17):

V ( ∆L ) =

I max − I min
I max + I min

Thus the contrast function V, which is still dependent on
ΔL after the integration, is the envelope of the interferogram I(ΔL). According to the form the emission line takes,
or how the function ρ(ω) is made up, we can obtain the contrast of the function of the path difference ΔL and the corresponding contrast function V(ΔL) by using the above integration. The emission line of the laser, which we will use
in the later experiment, can be described using a Gaussian
function with a bandwidth Δω. The integral according to
(Eq 2.17) can be calculated in this way. Counting over is
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Two beam interference: Cold Light
carried out in [1] and the contrast function is shown in the
following diagram.
1.0

1.0

0.5

Contrast V

relative intensity

0.8

∆ω

0.6

Bandwidth 5 Mhz
0.4

Bandwidth 10 Mhz

0.2

0.0

reasons. It is not required in our further observations. The
construction according to Figure 2.20 has a considerable
disadvantage in that it cannot be carried out practically.
The simplest basic form of a regulatory device for interference is the Michelson interferometer. Although the physical situation we have just discussed is the same, the path
difference must be observed more closely.
M1

0.0

Bandwidth

0

20

40

60

80

100

Path difference in metre

Frequency

The diagram on the right hand side of Figure 2.19 shows the
contrast function. It shows that the contrast in a Gaussian
distribution curve gradually drops as the path difference
between both interfering waves increases. Theoretically,
if the path difference is infinitely long, the contrast will
eventually be zero. However this is not a practical answer.
Although technical interferometers are being used for a
long time there is no information on a marginal contrast,
which merits an evaluation. We have therefore taken the
liberty of defining the marginal contrast ourselves. We
would say that if the contrast V has dropped to

1
⋅ Vmax ≈ 0,14
e2

the practical coherence length Le has been reached. Since
these associations are important, we should now examine
the practical conditions in more detail in anticipation of
the experiments that are still to come. In the course of our
studies, we had taken a partial ray from a ray of light at a
location situated at any given distance from a light source.
We will give the coordinate Z1 to this location. Another
partial ray is taken from a second location with the coordinate Z2. Both the partial rays are joined together and the
intensity of the superimposed ray is measured.

path difference

light source

Z1

Z2

Figure 2.20: Definition of coherence time
The photons taken from location z2 have to travel a longer
path than the photons at location z1. Since all photons fly
at the speed of light c, the photons at location z2 must have
been “born” earlier than those at z1. The time difference
between both photon generations is obviously

∆t =

∆L
c

L1

Figure 2.19: Contrast as a function of the path difference of a light source with an emission bandwidth of 5
or 10 MHz (Laser).

M2
Entrance

S
L2

Figure 2.21: Calculating the path difference ΔL using
the Michelson interferometer
The beam splitter S splits the incoming beam. This is the
origin of our system of coordinates. The mirror M1 should
always be static, whereas the mirror M2 should be movable. Thus the two radiation paths form two arms of the
interferometer. The one with the static mirror is known
as the reference arm and the one with the movable mirror
is the index arm. The partial beam in the reference arm
travels a path of 2 L1 before it returns to the reunification
point at the beam splitter S. The path 2L2 is crossed in the
reference arm. The path difference is therefore:

∆L = 2 ⋅ ( L 2 − L1 )

We assume that the thickness of the beam splitter plate is
zero. If L2 = L1, the path difference is zero. This can be
adjusted for any number of intervals between the mirrors.
In this state, the Michelson interferometer is symmetrical
and even white light produces an interference pattern. This
type of interferometer is sometimes also known as a white
light interferometer. To find out the coherence length of
the light source, the path difference is increased by shifting the mirror M2. There should be no maladjustment
while doing this, since this will also reduce the contrast.
If we measure this contrast as a function of the path difference, we get the contrast function. The point, at which
the contrast is below the value already given by us, is the
point where the coherence length has been reached. The
following interference patterns would probably be seen on
a screen.

If we choose a path difference ΔL, that is large enough
to cause a drop in contrast to the value we defined, then
the corresponding running time Δt will be known as the
coherence time. We have introduced this term for didactic
Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013
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Two beam interference: Cold Light

 2ω + δω

 δω

⋅ ∆L 
I = I0 1 + cos 
⋅ ∆L ⋅ cos 
 2c

 2c


Since ω >> δω

Figure 2.22: Decreasing contrast with an increase in
path difference.
Michelson carried out his experiments with the red line of
a cadmium lamp that had a coherence length of only 20
cm. Since the index arm is crossed twice he had a measurement area of only 10 cm at his disposal. By measuring the contrast function, it is possible to find out the line
width of the light source with (Eq 2.17). Can you imagine
that Michelson carried this out with the green Hg line and
saw 540,000 wavelengths in path difference with his naked eye, Perot and Fabry saw 790,000 and Lummer and
Gehrcke as much as 2,600,000! Try and picture this process: The shifting of the measurement reflector, observing
the light and dark band with the naked eye and counting
to 2,600,000 at the same time. Till now we have examined
the situation where the light source has different emission
bandwidths but only one individual emission line. If we
use a laser as a light source, the emission can consist of
several so called ‘longitudinal oscillation modes’, as long
as we do not take specific measures to produce only one.
In the following experiment a laser is used which emits
only two modes. Each of the two modes has a narrow
bandwidth (approx. 2 MHz) but both modes have a difference in frequency of 900 MHz.
mode distance


ω

 δω

I = I0 1 + cos  ⋅ ∆L ⋅ cos 
⋅ ∆L 
c

 2c


.

Since δω is not dependent on ω, this term is constant as
far as the integration of all wavelengths is concerned and
the contrast function of the single mode emission V1(ΔL)
becomes:

 δω

V2 ( ∆L ) = V1 ( ∆L ) ⋅ cos 
⋅ ∆L
 2c


The contrast function resulting from the two-mode emission is reproduced by the single mode emission, but the periodicity δω/2 superimposes with the cosine. The contrast
is therefore zero for

δω
π
⋅ ∆L = ( 2n + 1) ⋅
2⋅c
2 , n = 0,1,2 ....

or

∆L = ( 2n + 1) ⋅

c
δω .

The intervals between the zero points is exactly

∆L =

c
2 ⋅ δν .

Let us remind ourselves of the interval in frequencies of
longitudinal modes of a laser resonator:

δν =

c
2⋅ L .

laser power

In this case L is the interval between the laser mirrors, so
the interval between the zero points of the contrast corresponds exactly to the resonator length of the two-mode
laser used.
1.0

single mode laser

line width

laser wavelength →

Figure 2.23: Emission spectrum of a two-mode HeNe
laser
The expected interferogram will consist of a superimposition of the waves with both the frequencies ω and δω.

 1
ω
 1
 ω + δω

I = I0 ⋅ 1 + cos  ⋅ ∆L + cos 
⋅ ∆L 




c
2
c
 2

Visibility V

0.8

0.6

0.4

two mode laser
0.2

0.0
0

1

2

3

4

path difference in metre

We can form a picture of the contrast function without hav- Figure 2.24: Contrast as a function of the path differing to make an explicit evaluation of the integral accord- ence of a single mode and a two-mode laser
ing to (Eq 2.17) by discussing the interferogram for some
Although the radiation is coherent, there is a disappearing
values of ΔL, using
contrast. In this case, it is not due to a lack of coherence,
 α + β
 α − β
but to the phenomenon of optical interference. If the laser
cos α + cos β = 2 ⋅ cos 
*cos 


 2 
 2 
emission is put onto a photodetector at a suitably fast speed,
we will have direct proof of optical interference. Optical
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Two beam interference: Wave Fronts
interference can be demonstrated using an oscilloscope or
a spectrum analyser. However, this would mean that when
a two-mode laser is used in interferometry the available
measurement area of the index arm would be limited to
L/2. Although the contrast does increase when this value
is exceeded there is no information available during the
zero crossings.

line of sight

3.5 Wave fronts

The planes at which light has the same phases in a spatially
wide radiation emission are known as wave fronts.
Figure 2.27: Two light bundles attracted to each
other with plane wave fronts

Figure 2.25: Plain wave fronts of a parallel light
bundle
If the light spreads itself in a parallel fashion, the planes
of identical phases will be plane and therefore the wave
fronts are called plane.
Figure 2.28: Interferogram of two plane wave fronts
If one plane of a wave front, which represents the maximum of the field strength, cuts the plane of the minimum
of a second wave front, then these are the locations for destructive interference. Since the wave fronts in the example according to Fig. 26 represent planes these intersecting
points are on a straight line.

line of sight

Figure 2.26: Curved wave fronts of a divergent light
bundle
However, if the radiation expansion is divergent, the wave
fronts will be curved. If the radiation spreads in a solid
angle with the same divergence in all directions, the wave
fronts look like the surface of calotte shells. If two parallel
light bundles are superimposed with plane wave fronts, we
will see only brightness or darkness on a screen according to the relationship of the phases of the waves. If both
bundles are attracted to each other there will be a striped
pattern.
Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013

Figure 2.29: Superimposition of two divergent light
bundles
If, however, two light bundles with a slight divergence are
superimposed, the intersecting points of the field strength
minima or maxima lie on circles in space. A ring structure
is formed.
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Two beam interference: Gaussian Beams
w0 is the smallest beam radius of the beam waist and z r is
the Rayleigh length.
Fig. 29 shows the course of the beam diameter with respect
to the length z.

Figure 2.30: Interferogram of two divergent light
bundles

Beam diameter

z R = w 02

π
λ

2w0

2w

3.6 Gaussian beams

In reality, there are no actual parallel light bundles and
even wave fronts also only exist at a particular point. The
cause for the failure of geometric optics lies in the fact
that they were established at a time when people did not
yet know that light is an electromagnetic wave and that its
behaviour could therefore be described using Maxwell’s
equations. We will again use the wave equation already
known to us for this purpose

z0

z→

Figure 2.31: Beam diameter of a Gaussian beam in
the basic mode TEMoo as a function of the location z.

The beam spreads itself in the z-direction. At the point
when z=z0 the beam’s radius is at its smallest. As the in
terval increases, the beam radius grows linearly. Since
 n 2 ∂2E
Gaussian
beams are spherical waves, there is a radius of
∆E − 2 ⋅ 2 = 0
curvature
of the wave front for every point z. The radius
c ∂t
of
curvature
R can be calculated using the following equaIf light were limitless, it would spread itself in all direction:
tions in space as a spherical wave.
2

 
E = E(r) with r 2 = x 2 + y 2 + z 2

If, however we are interested in the technically important
case of the spherical wave spreading in direction z in a
small solid angle then the solution is an equation for the
electrical field

R (z) = z +

This situation is shown in Figure 2.31.
ROC

 
E = E(r, z) with r 2 = x 2 + y 2 + z 2

 z
w (z) = w 0 ⋅ 1 +  
 zR 
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2

z

ROC Wave front

The solution to the wave equation is found in fields, which
show a Gaussian shaped intensity distribution over the
radiation cross-section and are therefore called Gaussian
beams. According to the existing marginal conditions,
Gaussian beams can be found in various modes. Such
beams, especially the Gaussian basic mode (TEM00) are
preferably produced by lasers. However, the light coming
from any light source can be seen as a superimposition of
many such Gaussian modes. But the intensity of a pure
mode is very small compared to the total intensity of a
light source. The situation is different with lasers where
the whole light intensity can be produced in the basic mode
alone. This, as well as the monochromatic nature of laser
radiation, is the main difference compared to conventional
light sources. A Gaussian beam always has a beam waist.
The beam radius w (w=waist) is a result of the solution of
the wave equation

zr
z

0

zr

Distance z →

Figure 2.32: The radius of curvature of a wave front
as a function of the distance from the beam waist at
z=0
The radius of curvature (ROC) has a minimum at z = zr
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Two beam interference: Other Two Beam Interferometer
and R increases by 1/z compared to z = 0. The radius of
curvature is infinite at z=0. The wave front is even at
this point. The radius increases again linearly above the
Rayleigh length zr. This statement is of fundamental importance. It states that a parallel beam only exists at one
point of a light wave, that is, in its focal point.
In the region for

−zr ≤ z ≤ zr

a beam can be considered as approximately parallel or collinear. In Figure 2.32 the Rayleigh area is drawn in as well
as the divergence Θ in the far field region, i.e. z>>z0.
The graphic representations suggest that one of the significant characteristics of laser beams, i.e. their lack of divergence, cannot be shown in this way.

Beam diameter

Θ
ZR

Z0

Distance z

Figure 2.33: Rayleigh range zR and Divergence Θ in
the far field region, i.e. z>>zR)
This is because the relationship of the beam diameter to z
in the graphs has not been standardised. If we take a HeNe
laser (632 nm) with a beam radius of wo = 1 mm at the exit
of the laser as an example, we get:

2 ⋅ z R = 2w 02

π
3.14
= 2 ⋅10 −6
= 9,9 m
λ
623 ⋅10 −9

for the Rayleigh range 2z r. A moderate picture would
therefore show only a thin line in the drawing.

3.7 Other two beam interferometer

Jamin (J. Jamin, Pogg. Ann., Vol.98 (1856) P.345) first
built an interference device in 1856. He could measure the
relative refractive index of optical media accurately with
this device (Figure 2.34).
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This formed the basis on which Mach and Zehnder developed an interferometer of great significance in 1892
(E. Mach Z. - Building instruments, Vol.12 (1892), P.89),
now known as the Mach-Zehnder interferometer (Figure
2.35). It has become very important in laser measuring
techniques, e.g. this type of interferometer is used for laser
vibrometer.
Beamsplitter

Mirror

Rayleigh range

-ZR

Figure 2.34: Jamin’s interferometer - 1856

Mirror

Beamsplitter

Figure 2.35: Mach-Zehnder interferometer.
Although the two beam interferometer is considered as
ideal, the contrast obtained will not be good if the emission bandwidth of the light source is wide. Michelson carried out his experiments with the red line of a cadmium
lamp which had a coherence length of only 20 cm. Since
the index arm is traversed twice the measurement area
available for him to work on was only 10 cm.
The line width of the light source can be deduced with (Eq
2.17) by measuring the contrast function. We should bear
in mind that Michelson carried this out on the green Hgline and captured 540,000 wavelengths of path difference
with the naked eye in the process, Perot and Fabry brought
the figure up to 790,000 and Gehrcke made it as far as
2,600,000 !
Imagine this: Shifting the measurement reflector, observing the light/dark stripes with the eye and counting to
2,600,000 at the same time.
It is no wonder then, that people were concerned about
making a better device that could achieve the goal, i.e.
measuring line widths in a way that would take less time.
This finally lead to the development of Fabry and Perot’s
multi-beam interferometer, which will be discussed in the
next chapter. All the basic characteristics of the two-beam
interferometer mentioned discussed in the last chapter also
apply to the multi-beam interferometer, and in particular,
to the formulae required for calculating the interference
terms.
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Multi beam interference: The Ideal Fabry Perot
4

Multi beam interference

I0. After penetrating the first plate the intensity is

In the interferometers or resonators developed later by
Fabry Perot, not just two, but many beams were made to
interfere. This type of interferometer is therefore known
as a multi-beam interferometer (Fig. 5).
In this interferometer constructed by A. Fabry and Ch.
Perot (1897) the incoming light beam is split into many
individual components which all interfere with each other.

E
E

+

E
E

1
+
2

I = E2
we have

Ai 2 = R ⋅ Ai1 = 1 − R ⋅ R1 ⋅ A0

partially transmissive mirrors

0

since

Ai1 = 1 − R ⋅ A0

4.1 The Ideal Fabry Perot

E

I1 = (1 − R ) ⋅ I 0 = T ⋅ I 0

1
2

Ai 3 = R ⋅ Ai 2 = 1 − R ⋅ R 2 ⋅ A0
Ai 4 = R ⋅ Ai 3 = 1 − R ⋅ R 3 ⋅ A0
Ain = R ⋅ Ai ( n −1) = 1 − R ⋅ R n −1 ⋅ A0
The amplitudes A coming out of the second plate have the
values:

A1 = 1 − R ⋅ Ai1 = (1 − R ) ⋅ A0
A2 = 1 − R ⋅ Ai 2 = (1 − R ) ⋅ R 2 A0
E

A3 = 1 − R ⋅ Ai 3 = (1 − R ) ⋅ R 3 A0

+
n

E

n

Figure 2.36: Fabry and Perot’s multi-beam interferometer
The two plates are at a distance d from each other and have
a reflectivity R. Absorption should be ignored, resulting
in R = 1-T (T = Transmission). The wave enter under the
angle a in the Fabry Perot (from now onwards referred to
as FP).
At this point we are only interested in the amplitudes Ai
and will consider the sine term later (Figure 2.37)

A i1
A i2

A1

A i3

A2

A in
An

Figure 2.37: Diagram for the derivation of the individual amplitudes
The incoming wave has the amplitude A0 and the intensity
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E = A ⋅ cos (ω t + kx + δ )

d is the phase shift with reference to E1. It is created by
passing through many long paths in the FP.

δ=

2kd
cos α

))
( (
cos( (kω( L
t ++kxL+)2+⋅ δ2ω
) t)
+EE =EA ⋅cos
3

01

02

01

3
02

1

2

1

2

+ E ⋅ sin ( kL 2 + ωt )
2
02

A3

d

Now let us consider the oscillating terms. Here, the following calculation can be made simpler if we use cosine
instead of sine.

2E1 = 2A1 ⋅ cos (ω t + kx )
I = E 01
⋅ sin ( kL1 + ωt )
E2 E
= Acos
2 ⋅ cos
+E
k (ω
Lt +
− kx
L +δ)

α
A0

An = 1 − R ⋅ Ain = (1 − R ) ⋅ R n A0

2

En = (1 − R ) ⋅ R n ⋅ A0 ⋅ cos (ω t + kx + ( n − 1) ⋅ δ )
Just as with the two-beam interferometer the individual
field intensities now have to be added up and then squared
to obtain the intensity.
∞

E = ∑ En
0

To make further derivation easier, we will use the following equation:

cos γ = Re [ cos γ − i ⋅ sin γ ]

Re[ ] is the real component of a complex number.
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With

eiγ + e − iγ
eiγ − e − iγ
cos γ =
sin γ =
2
2i
and
is

cos γ = Re eiγ 

δ
2 ⋅ sin 2   = 1 − cos δ
 2

with
resulting in:

I = I0

Due to the change in writing with complex numbers the
rule for calculating intensity from a field intensity now is:

in which case E* is the conjugate-complex of E (Rule: exchange i with -i). The following sum of individual field
intensities must now be calculated:
p


E = Re ei(ωt + kx) ⋅ ∑ An ⋅ ei(n −1)δ 
n =1



Inserted for An and e -id from the sum of n= 1 till p reflections taken out:
p


E = Re ei(ωt + kx) ⋅ (1 − R ) ⋅ A0 ⋅ ∑ R n ⋅ ei(n −1)δ 
n =1





E = Re ei(ωt + kx) ⋅ (1 − R ) ⋅ A0 ⋅ e − iδ ⋅ ∑ R n ⋅ einδ 
n =1



I = I0

1 − R p ⋅ eipδ
1 − R ⋅ eiδ

For the electric field strength E we get:


1 − ⋅R p ⋅ eipδ 
E = Re ei(ωt + kx) ⋅ (1 − R ) ⋅ A0 ⋅ e − iδ ⋅

1 − R ⋅ eiδ 


(1 − R )2

(1 − R )2 + 4 ⋅ R ⋅ sin 2 (δ / 2)

1
∆E ⋅ ∆t ≥ 
2

and the final result:

I = I0

(1 − R )2
(1 − R )2 + 4 ⋅ R ⋅ sin 2 

R=4%

0.5

R = 50 %

Figure 2.38: The transmission curves of a Fabry
Perot interferometer for different degrees of mirror
reflection R

(1 − R )2

(1 − R ⋅ e ) ⋅ (1 − R ⋅ e )

I = I0

iδ

(1 − R )2

− iδ

1 − R ⋅ eiδ − Re − iδ + R 2

I = I0

2

Change of mirror spacing in units of π

I = E ⋅ E*
I = I0

R = 96 %
0.0

1

The intensity is given by:

(Eq 2.18)

1.0

If we now increase the reflections p to an infinite number,
Rp will go against zero since R<1 and the result is:

1


E = Re ei(ωt + kx) ⋅ (1 − R ) ⋅ A0 ⋅ e − iδ ⋅
iδ 
1− R ⋅e 


2π d 

λ 

This function was first derived by G.B. Airy (Philos.Mag.
(3) Bd.2 (1833)). It is shown in Figure 2.38

rel. intensity I/Io

The sum shows a geometric series, the result of which is:
n =1

)

Let us now add the abbreviation for d again and consider
that for an infinite number of reflections either the angle of
incidence a becomes zero or the mirrors have to be infinitely large. If a is set equal to zero, then we get

p

∑ R n ⋅ einδ =

(

1 + R 2 − 2 R ⋅ 1 − 2sin 2 (δ / 2)

and finally:

I = E ⋅ E*

p

(1 − R )2

If the transmission curve for a reflection coefficient of
.96 is compared to the transmission curve of a Michelson
interferometer (Figure 2.39) it can be seen that the Fabry
Perot has a much sharper curve form.
This makes it easier to determine the certainty of the occurrence of a shift of l/2.)

(1 − R )2

1 + R 2 − 2 R cos δ

Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013

Page 22

Multi beam interference: The Ideal Fabry Perot
mirror distance

Transmission of interferometers

1.0

d

Fabry Perot

Michelson

laser as light source

0.5

photodetector
piezo electric
actuator

Figure 2.40: Experimental situation

0.0

0

1

2

3

4

Change of mirror spacing in units of λ/2

Figure 2.39: Comparison between the Michelson and
the Fabry Perot Interferometers
At first it seems astonishing that at the point of resonance
where the mirror distances of the Fabry Perot are just about
a multiple of half the wavelength, the transmission is 1, as
if there were no mirrors there at all.
Let us take, for example, a simple helium-neon laser with
1 mW of power output as a light source and lead the laser
beam into a Fabry Perot with mirror reflections of 96%.
The resonance obtained at the exit will also be 1 mW. This
means that there has to be 24 mW of laser power in the
interferometer because 4% is just about 1 mW. Magic? - no,
not at all - This reveals the characteristics of the resonator
in the Fabry Perot interferometer. It is, in fact, capable of
storing energy. The luminous power is situated between
the mirrors. This is why the Fabry Perot is both an interferometer as well as a resonator. It becomes a resonator when
the mirror distance is definitely adjusted to resonance, as
is the case, for example, with lasers. There are three areas
of use for the Fabry Perot:
A. As a Length measuring equipment for a known wavelength of the light source. The Michelson interferometer
offers better possibilities for this.
B. As a High-resolution spectrometer for measuring line
intervals and line widths (optical spectrum analyser)
C. As a High quality optical resonator for the construction
of lasers.
In the related series of experiments the Fabry Perot is used
as a high-resolution spectrometer. Its special characteristics are tested and measured.
All the parameters required for an understanding of the
Fabry Perot as a laser resonator are obtained in the process.
At the end of the chapter on the fundamentals, the most
important parameters of the FP will be discussed, using
the ideal FP as an example first, so we can then discuss the
practical aspects, which lead to the divergences from the
ideal behaviour in the chapter on the real FP. Figure 2.41 is
shown to get an idea of the practical side in the introductory chapter itself.
We are looking at the spectrum analyser with the FP as
shown in Fig. 15.
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The FP is formed out of two mirrors, fixed parallel to each
other by adjustment supports. A mirror is fixed on to a piezo element. This element allows the variation of a mirror
distance of some μm by applying an electric voltage (piezo
element). The transmitted light of the FP is lead on to a
photo detector. A monochromatic laser with a low band
width is used as a light source. Linear changes in the mirror distance take place periodically and the signal is shown
on an oscilloscope (Figure 2.41).

Figure 2.41: Transmission signal on an oscilloscope
with a periodic variation of the mirror distance d
The parameters of the FP will now be explained using this
diagram. Two transmission signals can be seen. It is obvious that the distance d of the FP has been changed to a path
just over l/2. In our example we have used a He-Ne laser
with the wavelength 632 nm, so the change in distance was
just over 316 nm or 0.000316 mm. The distance between
the peaks corresponds to a change in length of the resonator distance of exactly l/2 according to (Eq 2.18). The
distance between the two peaks is known as the:
Free Spectral Range FSR.
This range depends on the distance d of the mirrors as
shown below. For practical reasons, this distance can be
given in Hz. To calculate this we must ask ourselves: How
much would the light frequency have to change for the FP
to travel from one resonance to the next at the now fixed
distance d ?
The light wave is reflected on the mirrors of the resonator
and returns back to itself. The electric field intensity of the
wave at the mirrors is therefore zero. At a given distance
d the mirrors can only form waves which have the field intensity of zero at both mirrors. It is obviously possible for
several waves to fit into the resonator if an integer multiple
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of half the wavelength is equal to d.

laser was recorded. Two groups can be seen, consisting
of two resonance peaks. Since the free spectral range, i.e.
The waves, which fit into a resonator of a particular length the distance between two similar peaks is known (through
are also called oscillating modes or just modes. If the in- the measurement of the mirror distance and equation 8)
teger is called n then all waves which fulfil the following the distance between the frequencies of two neighbouring
equation will fit into the resonator:
peaks is also known and their difference in frequency can
be measured precisely. Measurement of the absolute freλ
quency with a Fabry Perot is, however, only possible if the
d = n⋅ 1
exact mirror distance d is known. But this would involve
2
considerable practical difficulties, since the determination
The next neighbouring mode must fulfil the condition
of the length measurement would have to be < 10 -6. At 50
mm this means dd = dl/l 0.05 m = 5 10 -8 m = 50 nm !
λ
d = n +1 ⋅ 2
A second important parameter of the Fabry Perot is its fi2
nesse or quality. This determines its resolution capacity.
Figure 2.43 shows the transmission curves for various
The difference between the two equations above gives us:
reflection coefficients of the mirrors. There is clearly a
λ1
λ2
connection
between the width of a resonance peak and the
n⋅ − n +1 ⋅ = 0
value of reflection. It therefore makes sense to define the
2
2
finesse as a quality:
or

)

(

)

λ1 − λ 2 =

λ2
n

=

λ1 ⋅ λ 2

F=

2⋅ d

δλ
1
=
λ1 ⋅ λ 2 2 ⋅ d
and

ν=

c

λ

⇒ δν = c ⋅

1.0

δλ
λ1 ⋅ λ 2

∆ν

n is the frequency and c the speed of light. The result for
the free spectral range:

δν =

c
2⋅ d

FSR
∆ν

½(Imax -Imin)

(

0.5

Imax -Imin

(Eq 2.19)

The term dn is also called the mode distance. In an FP with
0.0
a length L 50 mm, for example, the free spectral range or
mode distance is dn = 3 GHz.
FSR
We can also deduce, from the size of the free spectral range
calculated above, that the FP in Figure 2.40 was tuned to 3
Figure 2.43: Definition of finesse
GHz with the mirror distance at 50 mm. If we increase the
distance of the FP mirror to 100 mm the size of the FSR For this purpose the full width at half maximum Dn
between two resonance peaks is 1.5 GHz. Bearing in mind (FWHM) is calculated
that the frequency of the He-Ne Laser ( l = 632 nm) is 4.75
I −I
105 GHz, a frequency change in the laser of at least Dn/n =
I = max min
-6
3 10 can be proved.
2
.
Let us assume that R~1. Then Imin ~ 0 and

I=

I max − I min I max
≈
2
2

or I / I0 = ½ . The values d1 and d2 can be calculated with
(Eq 2.18) where the intensity is just about ½ I0 .

I 1
= =
I0 2
Figure 2.42: Example of a scan of a two mode laser.
The lower trace shows the change in length of the FP.
In the example shown in Fig. 17 the spectrum of a two mode
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(1 − R )2
(1 − R )2 + 4 ⋅ R ⋅ sin 2 

(1 − R )2 + 4 ⋅ R ⋅ sin 2 

δ

δ

2

 = 2 ⋅ (1 − R )
2

2
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Irregularity of mirror surface λ/n in units of n

2
δ
4 ⋅ R ⋅ sin   = (1 − R )
 2
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1− R
δ
sin   = ±
 2
2⋅ R
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Finesse

2

 1− R 
 2 ⋅ R 

δ1 = 2 ⋅ arcsin 

 1− R 
 2 ⋅ R 

1− R
R

2π

2πν
⋅ 2d =
⋅ 2d
δ = k ⋅ 2d =
λ
c
with
4π d
1− R
⋅ ∆ν = 2 ⋅
c
R

∆ν =

c

1− R
2π d
R

30

reflection finess
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0
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0

Coefficient of reflexion
Figure 2.44: Limitation of the finesse
by the imperfect plane of the mirror surfaces in the plane Fabry
Perot

If, on the other hand, spherical mirrors are used, then the
occurrence of mistakes in sensitivity are much less. In the
case of spherical FP’s however, care must be taken that
the diameter of the light falling in is smaller than the diameter of the mirrors. Generally speaking, this can be accomplished particularly well in laser applications. Plane
FP’s have thus very little significance in laser technology.

A spherical Fabry Perot consists of two mirrors with a radius of curvature r. The most frequently used FP is the confocal FP where the mirror distance L is equal to r (Figure
2.45). The path difference d is 4r for beams close to the
centre. So, the free spectral range FSR (dn) is:

FSR
∆ν

we get by substituting for F:

c ⋅ R ⋅ 2π ⋅ d π R
=
F=
2d ⋅ c ⋅ (1 − R ) 1 − R

lim

s

es

fin

70

80

4.3 The Spherical Fabry Perot

⋅

Due to the definition

F=

g
itin

60

10

since ( 1 - R ) << R, the function arcsin can be replaced by
its argument:

δ1 − δ 2 =

40

30
20

δ 2 = −2 ⋅ arcsin 

δ1 − δ 2 = 2 ⋅

20

(Eq 2.20)

As we have already assumed, the finesse depends on the
reflectivity R of the mirrors. This is also shown in Figure
2.38. The tendency now would be to bring the reflectivity
R as close as possible to 1 to achieve a high finesse.
There are, however limitations in the finesse for the plane
mirror of the Fabry Perot that has been discussed till now.
These limitations lie in the imperfection of the mirror surfaces, which do not exist to a great extent in the spherical
FP’s yet to be discussed. So, in the next chapter we intend
to address these problems.

δν =

c
4⋅ d

(Eq 2.21)

But the spherical FP is not subjected to the limitations of
a plane mirror in terms of total finesse based on diver
gences from the ideal mirror surface or maladjustment. If
the mirror of a plane FP is turned over e, a beam scanning
of 2e is brought about. Due to the imaging characteristic
of spherical mirrors, maladjustment has a much lesser effect on the total finesse. The limiting finesse of a spherical FP is therefore mainly the reflection finesse. Moreover,
spherical mirrors can be produced more precisely than
plane mirrors.

4.2 The real Fabry Perot

Radius of curvature
The finesse cannot be increased to over 50 even if a plane
mirror of high technical precision is used. A finesse of
50 requires a planarity of l/100 (l approx. 500 nm) i.e.
around 0.000005 mm = 5 nm !
This is because in anything other than an ideal plane mirDistance of mirrors d=r
ror surface, the beams do not reflect back precisely, but
they diverge from the ideal path in approximately thou- Figure 2.45: Confocal Fabry Perot
sands of round trips. This blurs the clear phase relationship
between the waves and as a consequence the resonance
curve becomes wider.
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the mirrors is varied by a few millimetres to find this point.
The oscilloscope shows the image in Fig. 24.
ρ

Figure 2.46: Confocal FP at various beam radii r

4.4 The Spherical FP in practice

The first mirror of the FP has the effect of a plane-concave
lens. The incoming beam is therefore deviated as shown in
Figure 2.47. A biconvex lens enables the incoming beam to
run parallel to the optical axis within the FP.

Figure 2.49: The contrast is higher close to d = r. At d
≈ r the confocal case has been reached and the contrast reaches its maximum
Apart from the confocal FP, other types of spherical resonators can be devised. As a necessary prerequisite, they
must fulfil the criteria for stability.

0 ≤ g1 ⋅ g 2 ≤ 1
gi = 1 −

Figure 2.47: A biconvex lens is required to make the
incoming beam run parallel to the optical axis
f of biconvex lens
b

d

d is the mirror distance and r the mirror radius. The Index
i is for the left mirror l or for the right mirror 2. If the
product g1 g2 sufficiently fulfils the above condition, the
resonator is optically stable (Figure 2.50).
Various combinations can be executed in the shaded areas
as far as the radius of curvature r and the mirror distance
d are concerned. Both have a more or less good finesse,
representing an important parameter for the FP as a spectrum analyser.
The highest finesse is achieved with a confocal resonator
(B). Here d = r and g1 and g2 are zero.
The plane FP has g-values of 1 since r is infinite (A).
Finally we can choose a concentric arrangement with a
mirror distance of d = 2r and g-values of -1. This case has
been marked by C.
g2

f of plano-concave lens

2

Figure 2.48: Course travelled by the beam for the
calculation of the focal distance and position of the
biconvex lens.
The above mentioned is also true for the beam exit and a
lens is put in front of the photo detector for this purpose.
Other effects can also be achieved with this lens. If the
condition r<<R cannot be achieved, there is a dislocation
of the point of intersection of the interfering beams in the
resonator [2], due to spherical aberrations of the mirrors. If
this plane of intersection is imaged with a lens, the finesse
will still be good.
Another important point is the exact distance between the
mirrors. In a spherical FP, for example r=100 mm, the error should not be more than 14 mm. The distance between
Dr. K.H. Wietzke, Dr. Walter Luhs - Apr. 2013
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-2

-1

0
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g1

3

-1

C
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Figure 2.50: Stability of optical resonators
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Multi beam interference: Other Types Of Multiple Beam Interference
Whereas spherical scanning FP’s are basically used as 4.5 Other types of multiple beam
optical spectrum analyser, for some high resolution specinterference
troscopic measurements FP’s with fixed flat mirrors are
used. Such an FP’s are either consists of two flat mirrors, After joining the Royal Society of London in 1672, Newton
air spaced or made out of quartz body which two sides are stated light is made of particles and not waves.
Newton’s corpuscular theory of light is based on the folprecisely ground and polished.
lowing points
1. Light consists of very tiny particles known as “corpuscular”.
2. These corpuscles on emission from the source of light
travel in straight line with high velocity
3. When these particles enter the eyes, they produce image of the object or sensation of vision.
4. Corpuscles of different colours have different sizes.

Figure 2.51: Simulated interferogram of equally
curved wave fronts

In 1679, Christian Huygens proposed the wave theory of
light.
According to Huygen’s wave theory:
1. Each point of a light source sends out waves in all
directions in a hypothetical medium called “ETHER”.
2. Light is a form of energy
3. Light travels as waves.
4. Like for sound in air a medium is necessary for the
propagation of waves and the whole space is filled
with such an “Ether”
5. Compared to sound, light waves have very short wave
length
Already at this time the battle about the property of light
was initiated. Newton enjoyed the absolute scientific authority and one can imagine what Huygens dared to claim.
“There remained one problem that Huygens theory of light
could not solve. In 1669, three years before Newton first
presented his particle theory of light, Danish physicist
Erasmus Bartholin had begun experimenting with transparent calcite crystals that had been discovered in Iceland.
He found that when an image is placed behind a crystal it
is duplicated, with one copy appearing slightly higher than
the other.”

Figure 2.52: Simulated FP Interferogram of slightly
curved wave fronts

double slit
E1
E

P1

r1

z

p

r2

P0

d

x
E2
a

Figure 2.54: Thomas Young’s double slit experiment
of 1802
The basic idea of the analysis of the interference is to calculate for the path difference Δ of the interfering rays. In
the example of the Figure 2.54 we note:
Figure 2.53: Simulated FP interferogram of perfect
plane wave fronts
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∆ = r2 − r1
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Figure 2.55: Principle schemes for interference

2⋅ π
2⋅ π p ⋅ d
δ=
⋅∆ =
⋅
λ
λ
a
From the previous chapter we learned that constructive superposition occurs, when

δ = 0, ± 2π, ± 4π,...
and destructive interference for:

δ = ±π

l⋅a
l⋅a
max
±
±2 ⋅
0,
,
,...

d
d
I ( z) = 

1 l⋅a
3 l⋅a
5 l⋅a
, ± ⋅
, ± ⋅
,...
 min ± ⋅
2 d
2 d
2 d

Thomas Young performed his famous Double Slit
Experiment in 1802. From his results and conclusions, it
was determined that light propagates in wave form and
therefore possesses the ability to interfere with itself.
Young also is responsible for the principle of coherence
and of superposition, two of the most fundamental principles in the fields of interferometry and optics. Thus, the
wave theory of light came to be thanks to the refinement
efforts of several distinguished and important people.
During the gold-rush mood of the wave nature of light a
variety of observations and interference schemes came up.
Arago, Fizeau and Foucault interference of light at thin
wedges (1848), almost during same time Haidinger fringes,
interference of equal inclination.
In principle a lot of possible interference schemes can be
conceived. To analyse such a scheme simply the superimposition of waves itis useful to identify the interfering
electrical field vector E .

Case Interference of:
A Same inclination:
Haidinger fringes
Colour of thin plates
Fabry Perot
Jamin Interferometer
Michelson Interferometer
Fizeau fringes
B Same thickness:
Newton’s rings
Fresnel bi-prism
Half lenses of Billet
Fresnel double mirror

4.5.1 Fresnel double mirror
E

E1

M1
ε

screen

E2

M2

Figure 2.56: Fresnel’s double mirror experiment
One part (E2) of the light beam (E) hits the mirror M2 and
are reflected towards the screen. Another part (E1) is reflected from the Mirror M1 which is inclined by a small
angle ε with respect to M2. Both rays are interfering and
showing a pattern which is imaged on the screen.




Ei = Ea + Eb
 2 

I ( x, y , z ) = E i = E a + E b
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Multi beam interference: Other Types Of Multiple Beam Interference
For destructive superposition:

δ = ±π

E

r1

P1
p

r2

r

a

P0

1
λ⋅a
3
λ⋅a
p = 0, ± ⋅
,± ⋅
, ... (Eq 2.23)
2 2 ⋅ r ⋅ sin ε
2 2 ⋅ r ⋅ sin ε

ε

E1

r

d

E2

Figure 2.57: Analysis of the Fresnel’s double mirror
interference
The light rays E1 and E2 can also be treated as if they are
generated from two separate sources as shown in Figure
2.57. This allows to calculate for the path difference of δ
as r1-r2 as follows:

d = r ⋅ sin (e)


2



2

r12 =a 2 + p− d 
2 


r22 =a 2 + p+ d 
2 


r22 − r12 = 2 ⋅ p ⋅ d = (r2 − r1 )⋅ (r2 + r1 )
p, d  a
r1 + r2 ≈ 2 ⋅ a
2 ⋅ p ⋅ d = (r2 − r1 )⋅ 2 ⋅ a
∆ = r2 − r1 =
δ=

p⋅d
a

2⋅ π
2⋅ π p ⋅ d
⋅∆ =
⋅
λ
λ
a

For maximum intensity:

δ = 0, ± 2π, ± 4π,...
p = 0, ±

λ⋅a
2⋅λ ⋅ a
,±
, ...
2 ⋅ r ⋅ sin ε
2 ⋅ r ⋅ sin ε
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(Eq 2.22)
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Multi beam interference: Other Types Of Multiple Beam Interference
4.5.2 Newton’s rings

constructive, showing a bright ring. The derivation of the
(Eq
2.24) follows the argumentation (Max Born, Optics
Although the phenomenon of the Newton’s rings is quite
for
instance,
also almost all other sources):
well known, its is almost impossible to find a correct presentation of the involved rays. For this purpose a manual 1. The path difference between E1 and E2 is 2∙h
ray tracing has been carried out and the result is shown in
h = R − R2 − r 2
Figure 2.58.


r 2 

h = R 1− 1− 2 

R 

2.

Ein

R

3.

Using the approximation for R>>r (that is why always
a lens with large focal length is used)

4.

r2
h=
2⋅ R

E1
E2
plano convex lens
glass plate

5.

δ = k ⋅ 2⋅ h ± π =

Figure 2.58: Classical setup to demonstrate Newton’s
rings
The ray trace has been carried out for an index of refraction of 1.5 which is almost the value for the NBK7 glass
at 532 nm. In order to observe interference fringes the reflected fields E1 and E2 should travel parallel to each other, 6.
which obviously is not the case. To understand the situation we will enlarge the part of the drawing where the
beams are refracted and or reflected.
E2

E1

air

Ein

The beam which is reflected at a boundary air to glass,
gets an additional phase shift of π/2 so that the final
phase difference δ between E1 and E2 is:

inside the lens

2π ⋅ r 2
±π
λ⋅ R

To obtain constructive interference the phase shift δ
must be multiple integer of the wavelength λ including the zero:

2π ⋅ r 2
± π = m⋅ 2⋅ π
λ⋅ R
2π ⋅ r 2
= m ⋅ 2 ⋅ π  π = π (2 ⋅ m  1)
λ⋅ R

δ=

rbright =

λ⋅ R
(2m +1)
2

If we again look to the derivation of (Eq 2.24) we notice
that one demand was that the geometrical path difference
between E1 and E2 should be 2·h. However this can only be
fulfilled if the reflected beam E2 hits the glass plate perpendicular (Figure 2.60). In fact this can only be achieved
if the incident beam Ein originates exactly in the focal point
of the lens.
Ein
air

h
inside the glass plate

air gap

r

Figure 2.59: Enlarged view of the ray tracks
The field or ray E2 is created by reflection of Ein inside the
lens and refraction when leaving the lens. E1 is created by
the reflection of Ein at the glass plate surface and refraction
due to the lens when it enters as well when it leaves it. So
E1 and E2 have a different history and are not parallel at all.
We are faced with a situation, where the experimental observation is in good compliance with the derived formula:

rbright

R ⋅l
=
(2 ⋅ m +1)
2

(Eq 2.24)

Whereby R is the radius of curvature of the lens, λ the
wavelength of the light and k is an integer (0, 1, 2 ...). The
expression rbright is the location for which the interference is
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E1
inside the lens

E2

h

air gap
inside the glass plate

r

Figure 2.60: Ray track as demanded by the constraints of the derivation of (Eq 2.24)
In essence Newton’s equation describes the “Newton’s
rings” only for a very special case. The point light source
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Multi beam interference: Other Types Of Multiple Beam Interference
must be located at the focal point of the lens.
But this is a contradiction for those cases when the radius
of curvature shall be measured and I have to know the focal point already. Now it becomes even more clear that the
radius of curvature or the focal length of the lens should
be very large (several meter). In this case the focal point
is so far away from the lens that almost parallel light will
do the job.
However, the setup works very well with comparably short
focal lenses as we will demonstrate within the respective
experiment.

Figure 2.61: Simulated interferogram of Newton’s
rings
Based on (Eq 2.24) a simulation has been calculated to get
an idea about the Interference fringes we expect to observe
in the experiment.
We are closing this chapter with the awareness that the derivation of (Eq 2.24) is based on very special assumptions.
In almost all physics textbook and “googled” information
this fact does not find any attention. It may be one of the
rare cases in physics history where the interpretation of a
phenomenological finding has never been challenged, especially when it came from Newton.
Questions remain, is the equation really in compliance
with the experimental results? What role plays the property and position of the used light source. Still a general
equation is missing, Newtons approach only describes a
very special case.
Since decades students going through the Newton’s ring
experiment, it is time for a reliable explanation.
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Multi beam interference: Fresnel Zone Plate
4.6 Fresnel Zone Plate

Although Young demonstrated the wave nature of the light
many still favoured Isaac Newton’s corpuscular theory of
light. Therefore the French Academy of Sciences launched
in 1818 a competition to explain the properties of light,
where Poisson - one of the follower of Newton’s particle
theory- was one of the members of the judging committee.
The civil engineer Augustin-Jean Fresnel entered this
competition by submitting his new wave theory of light.
Of course Poisson tried to find a flaw in the contribution
of Fresnel to defend the particle theory. In fact he found
that according to the wave theory of Fresnel there should
be a bright spot in the centre of the shadow of a round disk.
This is in contradiction with the particle theory of Newton
and not observed so far.
Dominique-François-Jean Arago, the head of the committee decided to carry out a refined experiment to verify if
this bright spot wether exists or not. For this purpose he
stuck a 2 mm metal disk to a glass plate and he could verify the existence of this bright spot proofing that the wave
theory presented by Fresnel is correct and disregarded the
particle theory.
Finally Arago’s experiment was the experimentum crucis
for the acceptance of the wave theory of light. He himself
left the further research to Fresnel, since he became Prime
Minister of France. Later Arago found out that his experiment has already be observed a century earlier by Delisle
and Maraldi.
Fresnel combines the wave nature of the light with the
Huygens principle and states:
“... every unobstructed point of a wave front becomes the
source of a secondary spherical wavelet and the amplitude
of the optical field E at a point on the screen is given by the
superposition of all those secondary wavelets taking into
account their relative phases.” This means that the field at
a point P1 on the screen is given by the surface integral:

E ( P1 ) =

E0 ik⋅r0
eik⋅r1
⋅e ⋅ ∫
⋅ f (a ) ds
r0
r1
S

we make use of the complex expression for a spherical
wave as we already introduced in chapter 4.1:

E (r ) =
k=

E0 ik⋅r
⋅e
r

2π is the wave number with λ as wavelength
λ

S is the unobstructed surface
The first term of (Eq 2.25) represents the initial field E0
and the inner part the field at r1.
By solving the integral we will get the field strength in
point P1 from all wavelets. To obtain the diffraction image
a more general and therefore more complicated integral
needs to be applied and solved. However this would explode the frame of this manual, but the interested reader
will find the treatment of such a situation in [Born, Max;
Wolf, Emil (1999), Principles of optics (7th, expanded ed.),
Cambridge University Press, ISBN 0-521-64222-1]
One curiosity in optics is the so called Fresnel zone plates
which is a result of Fresnel’s Integral. Initially the idea has
been born by the experiments of Arago, which Fresnel
further refined. Such a zone plate acts as lens, however
due to diffraction instead of refraction. Diffraction in is
interference of light interacting with an obstacle. In other
words the two dimensional zone plate acts as lens by light
interference.

(Eq 2.25)

secondary
spherical wavelet

a

r0
P0

r1

S

P1

x

wave front
secondary spherical
wavelet

Figure 2.62: Notation of parameter for Fresnel integral (Eq 2.25)

f (α ) =

i
(1 + cos α )
2π

The function f(α) makes sure that backwards propagating
wavelets will not contribute to the result.
E(P1) is the integral field strength at the point P1
E0 is the initial field strength at r0
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Figure 2.63: Image of calculated zone plate for 532
nm and a focal length of 100 mm and 50 rings
Such a “lens” is shown in Figure 2.63 and used in the respective experiment 5.11 on page 35.
A zone plate consists of a set of radially symmetric rings,
which alternate between opaque and transparent. Incident
light will diffract around the opaque rings. The rings can
be arranged in such a way that the diffracted light constructively interferes at the desired focus, forming an image at the focal point.

rn = n ⋅

l ⋅ f l2
+
n
4

n is an integer which runs from 1 to 50 for the zone plate
as shown in Figure 2.63. The wave length is λ and f the
desired focal length.
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Description of the modules and components
A
C

B

D

F
E

H
G

S

Figure 3.1: Setup with laser for Newton’s rings, Fabry Perot and Fresnel zone lens

M

Figure 3.2: Setup with Fresnel double mirror

A

L
H

Figure 3.3: Setup with white LED
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Description of the modules and components: Mounting Plate (h)
5.1 Laser light source (A)

biconcave lens f=10
biconvex lens f=60

The diode laser module DIMO 532 emits laser radiation
with a wavelength of 532 nm and a maximum output pow- The provided beam expander consists of a combination of
er of 5 mW. Consequently respective laser safety regula- a biconcave (f=-10) and biconvex lens (f=60) forming the
tions must be applied!
so called Galilean beam expander with a magnification of
6. The beam expander can be separated in such a way that
the lenses can be used independently.
5.2 White LED (L)
Relative spectral distribution

1.0

5.4 Imaging lens (G)

0.8

0.6

0.4

0.2

0.0
350

400

450

500

550

600

650

700

750

800

Emission wavelength [nm]

Figure 3.4: White LED for C25 mount
The figure shown on the right of Figure 3.4 illustrates the
spectral composition of the “white” light. The luminous
flux amounts to 80 lumen. By means of the integrated lens
the beam divergence is reduced to 12 degrees full angle.

Figure 3.6: Biconcave lens f=-20 mm, diam. 10 mm
A biconcave lens having a focal length of -20 mm is mounted into a lens holder C25. The holder can be placed into the
mounting plate (H). The holder provides in combination
with the spring loaded balls of the mounting plate a soft
snap-in.

5.5 Collimating lens (H)

The LED needs a controlled current for its safe operation.
For this purpose the power supply is used. Via the 4 pin
Figure 3.7: Plano-convex lens f=40 mm, C25 mount
connector on the left side the LED or laser is connected.
The APS-05 recognises the connected source and adapts
This lens is used to collimate the light of the white LED
the required voltage and current power settings
(L).
The power of the entire unit is provided by a 12 V/1A wall
plug power supply. This arrangement has the advantage
that no mains voltage (240 V) is brought to the experiment. 5.6 Mounting plate (H)
The desired out power of the LED can be continuously adjusted by means of the central knob.

5.3 Beam expander (D)

The beam expander is used to enlarge the laser beam to
provide an almost parallel beam of coherent light
f+
d1

d2
f-

Figure 3.8: Mounting plate 40 with C25 mount
Figure 3.5: Galilean beam expander
Expansion ratio or magnification:

d2
f+
= −
d1
f
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One of the key components are the mounting plates. From
both sides elements with a diameter of 25 mm can be
placed and fixed into the plate. Three spring loaded steel
balls are clamping the optics holder precisely in position.
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Description of the modules and components: Fabry Perot Resonator
5.7 Four axes adjustment holder
A

C

B

convex lens is mounted against a flat glass plate with a
reflective coating of 50% forming the classical Newtons
rings arrangement. However the focal length is 100 mm
instead of the usual 2-5 m.

5.10 Fresnel Mirror (M)

D

Figure 3.9: Adjustment holder, 4 axes, carrier 20 mm
This adjustment holder provides a free opening of 25 mm
in diameter. Components like the laser (A) as well as the
LED light source (L) can be placed into it. A spring loaded
ball keeps the component in position. By means of high
precision fine pitch screws the inserted component can be
tilted by two angles (C,D) and shifted horizontally (B) and
vertically (B).

5.8 Adjustment holder (F)
θ

Figure 3.12: Fresnel adjustable double mirror
Two mirrors are arranged in such a way that they are simultaneously illuminated by an expanded laser beam. One
of the mirrors is slightly tilted with respect to the other
providing the required phase shift to observe the interference fringes. Both mirrors are mounted onto adjustment
holders allowing the azimuthal and elevational alignment.

ϕ
C

The adjustable optics holder is used to accommodate the
Fresnel zone plate (Z), the Newton’s ring assembly and the
Fabry Perot assembly (FP). By means of two high precision adjustment screws the inserted component can be
tilted (θ) and turned around (φ).

5.11 Fresnel Zone Plate (Z)

5.9 Newton’s rings assembly (E)
optics mount C25

plano convex lens
curved face

reflective glass plate

threaded ring
reflecting side

threaded ring

Inserting a Fresnel plate in a light beam causes interference of the diffracted rays and generates several focal
points corresponding to the different orders of diffraction.

5.12 Fabry Perot resonator

Figure 3.10: Newton’s ring assembly

Figure 3.11: Newton’s rings assembly
Already with a simple microscope shows in transmission
light the famous Newton rings. A combination of a plano
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Two glass plates are mounted into a click 25 optics holder with a spacing of 3 mm. Each plate is coated for 50%
transmission on one side. These sides are facing each other
forming a coplanar resonator. The click 25 optics holder is
placed into the adjustment holder (F) which can be tilted in
two angles by means of two precision fine pitch screws. To
mount the click holder a 2 mm hexagon key is used.

Page 35

Experimentalsetup: SetupForObservationOfNewton’sRingsInTransmissionWithWhiteLight
6

Experimental setup

6.1 Setup for observation of Newton’s rings in reflexion
white paper screen
with 3 mm punched aperture

Newton’s rings optik

A piece of white carton with a hole of about 3 mm is used as screen. The beam ex- The dark hole in the centre is
pander is separated and the biconcave lens is used to create a divergent light bundle. the hole where the light to the
Newton’s ring assembly is guided.

6.2 Setup for observation of Newton’s rings in transmission

Due to the camera perspective the
image appears distorted.

6.3 Setup for observation of Newton’s rings in transmission with white
light
A

L
H

Even without the additional lens the interference pattern is observed
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White light Newton’s rings (raw
picture has been improved in
Photoshop by the auto contrast
function)
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Experimental setup: Setup For The Demonstration Of The Fabry Perot Cavity
6.4 Setup for the demonstration of the Fresnel double mirror

M

Due to the unavoidable beam deviation the imaging lens as well as the screen are The two separate images are
need to be placed of axis.
aligned on top of each other and
showing the famous Fresnel interference.

6.5 Setup for the demonstration of the Fabry Perot cavity
A
B

C

D

F
E
G

S

Instead of the Fabry Perot in position the Fresnel zone plate can be inserted into the By suitable position of the imagholder F and the imaging of the parallel beam observed. The focus can be clearly ing lens G the screen S can be
verified and the function of a planar structure as lens impressively demonstrated.
completely filled with the interference pattern
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